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The role played by zero-point contribution, also called quantum noise or vacuum fluctuations,
in the quantum expression of the fluctuation-dissipation theorem (FDT) is a long-standing open
problem widely discussed by the physicist community since its announcement by Callen and Welton
pioneer paper of 1951 [1]. From one hand, it has the drawbacks of: (i) the expectation value of its
energy is infinite, (ii) it produces an ultraviolet catastrophe of the noise power spectral density and,
(iii) it lacks of an experimental validation under thermal equilibrium conditions. From another hand,
by imposing appropriate boundary conditions and eliminating divergences by regulation techniques,
vacuum fluctuations are the source of an attractive force between opposite conducting plates, firstly
predicted by Casimir in 1948 [2] and later validated experimentally with increasing accuracy. As a
consequence, a quantum formulation of FDT should account for the presence of the Casimir force
and of its consequences. In this letter we show that at thermal equilibrium the Casimir force should
be balanced by the mechanical reaction of the physical system. As a consequence, no zero-point
spectrum can be detected and the power spectrum emitted by the physical system is the same of
that calculated by Planck in 1901 [3] for a black-body. Accordingly, the experimental validation of
the standard expression of the quantum FDT [1] is prevented in favor of the Nyquist expression
that includes the Planck factor [4].
The formulation of the quantum fluctuation dissipa-
tion theorem (FDT) traces back to the theory of the
black body radiation spectrum given by Planck in 1901
and 1912 [3, 5]. Then, the theorem was extended to the
case of electrical fluctuations in conductors by Nyquist in
1928 [4] and generalized by Callen and Welton in 1951 [1]
on the basis of a rigorous quantum mechanics approach.
The theorem was further elaborated by Kubo in 1957
[6] using a linear-response and correlation-function ap-
proach. To date the quantum FDT can be formulated on
the basis of quantum statistics using the Gibbs ensem-
ble method. This method enables to present a unified
theory of the quantum FDT that relates the energy ex-
change between a thermal reservoir at temperature T and
a physical system (e.g. a black-body cavity or a given vol-
ume filled with a conductor) weakly coupled each other
as described by a canonical or a grand-canonical ensem-
ble at thermodynamic equilibrium [7]. The theorem can
be formulated also within a microcanonical ensemble [8],
but, in this case, being absent any energy exchange, it
establishes at a kinetic level a relation between linear-
response function and correlation functions in terms of
the width of the total energy of the ensemble instead of
the temperature.
Common to all quantum formulations, the power
spectral-density of the radiation emitted by the physi-
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cal system includes the contribution of the energy corre-
sponding to the ground state of the harmonic oscillator,
hf/2, with h the Planck constant and f the photon fre-
quency, the so called zero-point energy contribution or,
depending on the context, quantum noise [9, 10] or vac-
uum fluctuations [11]. The physical justification and the
detection or less of zero-point energy were and still are a
source of controversial discussions among the physicists
community [12–20], that represents an outstanding un-
solved problem.
In this letter we propose a solution of this open prob-
lem. To this purpose, we recall that the zero point con-
tribution to thermal noise is related to the finite size
or boundary conditions of the physical system [21, 22],
which, in turn, is at the origin of the Casimir force acting
on the structure. of the physical system.
From theory, the presence of zero-point energy in ther-
mal noise originates from the fundamental uncertainty
principles, that imply non-commuting properties at dif-
ferent times of the quantum operator associated with the
given observable. As a consequence, zero-point contribu-
tion should be considered unavoidable, despite of existing
criticism [10, 12–20].
From experiments, to our knowledge this contribution
has not been validated by noise measurements at ther-
modynamic equilibrium, while out of equilibrium exper-
imental evidence was claimed for the case of a resistivity
shunted Josephson junction [23], and noise squeezing via
a Josephson-parametric amplifier [24]. Rather, some re-
2searchers suggested the impossibility of obtaining such
a direct evidence by conjecturing that zero-point energy
does not represent an exchangeable energy [17, 25]. The
celebrated Planck 1901 formula [3] for the interpretation
of black-body radiation spectrum, where zero-point en-
ergy is omitted, is a crucial example in support of the
above conjecture. Indeed, the excellent agreement be-
tween theory and experiments is obtained without in-
cluding the zero-point energy.
On the other hand, the existence of the zero-point
energy received theoretical and experimental evidence
within the Casimir effect, a genuine quantum phe-
nomenon announced in 1948 [2] and predicting the at-
traction between conducting parallel thin-plates of given
surface area A placed at a distance L in free space. Due
to the exclusion of electromagnetic modes between the
plates as compared to free space, the Casimir force, FC ,
associated with the expected value of the zero-point elec-
tromagnetic energy, Uzp, defined as
Uzp =
1
2
∑
hf (1)
where the sum is extended over all the photon modes,
writes [2]
FC = −
pihcA
480L4
(2)
with c the light speed in vacuum.
The Casimir effect, received experimental validation
with increasing precision [26–28], and was further elab-
orated by Liftshitz [29] to predict also a repulsion effect
for more complicate systems consisting of dielectrics and
more realistic metal plates [30, 31]. (For an updated bib-
liography on the Casimir effect the reader can refer to
Ref. [32].)
The essence of FDT can be expressed by considering
the thermal noise-power per unit bandwidth, P (f)/∆f ,
radiated into a single mode of the electromagnetic field
by a conductor of volume AL˙ (taken as the physical sys-
tem) in contact with a thermal reservoir at temperature
T . The thermal noise-power is defined by the ratio be-
tween the variance of voltage (current) fluctuations and
the real part of the conductor impedance (admittance).
Here, for simplicity of calculations, the conductor is taken
as a particular case of an ideal black-body that is filled
by a homogeneous conducting material, with length L
in the z-direction, cross section A, and with the length
much smaller than the transverse directions. We notice
that for an ideal black-body the impedance coincides with
the vacuum resistance given by Rvacuum = µ0c, with µ0
the vacuum permeability. In particular, the vacuum re-
sistance is related to the Von Klitzing fundamental unit
of resistance [33], h/e2, by Rvacuum = 2αh/e
2 with α the
fine structure constant. Accordingly, the FDT formu-
lated by Callen and Welton recovers the Planck 1912 [5]
second formulation of the black-body radiation spectrum
which includes zero-point contribution.
We notice, that at the level of Planck 1901 first for-
mulation of black-body radiation spectrum [3] and of
Nyquist 1928 theorem [4] on the electrical fluctuations
in conductors, the vacuum fluctuation contribution to
the power spectrum was missed. The quantum mechani-
cal approach of Callen and Welton in 1951 [1], as well as
that of Kubo in 1957 [6], generalized the Nyquist theorem
by including the zero-point contribution on the basis of a
rigorous use of quantum mechanics. However, their for-
mulations were not extended explicitly to the case of the
black-body radiation. Furthermore, Casimir force and its
implications were not considered. The above results are
conveniently summarized by the following relations:
PPlanck(f)
∆f
= KBT
x
ex − 1
(3)
PNyquist(f)
∆f
= KBT (4)
PCWK(f)
∆f
= KBT
x
2
coth(
x
2
) =
PPlanck(f)
∆f
+
hf
2
(5)
with PCWK(f) referring to Callen-Welton [1] and Kubo
[6] formulation, x = hf/KBT and KB the Boltzmann
constant.
We stress that the split into two contribution of
PCWK(f) as given by the last expression in the r.h.s. of
Eq. (5) is of most physical importance. Indeed, the first-
Planck contribution represents a property of the coupling
between the thermal reservoir and the physical system at
thermal equilibrium as expressed by the detailed energy-
balance related with the microscopic process of energy
absorption (emission) between the thermal reservoir and
the physical system. As such, it is a universal function
of the temperature which takes a finite value at any fre-
quency. Accordingly, it vanishes at T = 0, it is inde-
pendent of the external shape of the physical system and
of the conducting material inside to the physical system,
its spectrum can be directly measured by standard exper-
imental techniques in a wide range of frequencies, typi-
cally from mHz to THz, and excellent agreement between
theory and experiments is a standard achievement.
By contrast, the second zero-point energy contribution
is a property of the vacuum and from its definition in Eq.
(1): its expectation value diverges, it does not vanish at
T = 0, it has never been measured directly but only
through its effects as evidenced by attractive or repulsive
forces acting between finite parts of the physical system,
as predicted for the simple case of two parallel conducting
plates by Casimir [2] and reported in Eq. (2).
The essential difference between the above two con-
tributions is better explained when considering the total
energy obtained by summation over all the photon modes
of each contribution. For the Planck term, the summa-
tion is easily performed and gives the well-known result:
UPlanck =
∑
KBT
x
ex − 1
= 3
ζ(4)
ζ/3)
NKBT (6)
3with ζ(n) the Riemann ζ function and N the expected
number of phonon inside the volume of the given system.
For the zero-point term the summation gives the ex-
pectation value of the energy of the electromagnetic field
as defined in Eq. (1). Written in this way it diverges
and to obtain a finite value it is necessary to make use
of renormalization or regularization techniques to avoid
divergences and to include boundaries conditions related:
(i) to the shape of the physical system, (ii) to the ma-
terial inside the physical system. Calculations are not
easy to be performed [22, 34, 35], and here we report
the simple but significant case considered by Casimir [2]
and further confirmed by more detailed mathematical ap-
proaches [36]:
UC = −
piAhc
1440L3
(7)
The negative value of the Casimir energy UC corresponds
to an attractive force (the Casimir force) between oppo-
site conducting plates FC = −dUC/dL as reported in Eq.
(2). As a consequence of this energy, the physical system
is not mechanically stable and thus tends to implode [37].
Here, we propose that the inclusion of vacuum fluc-
tuations should be combined with the presence of the
Casimir force acting on the structure defining the physi-
cal system of interest, and of its consequences as detailed
in the following. The Casimir effect, by converting vac-
uum fluctuations into an attractive force between oppo-
site terminal-surfaces (contacts) implies a stress on the
structure of the physical system. In turn, this stress is
stored into an energy strain Us by the body structure.
To keep the stability of the physical system the condition
Us = −UC is a sufficient one. Accordingly, by account-
ing for the Casimir force and the strain energy stored by
the system, at thermodynamic equilibrium the zero-point
energy contribution is washed out. Thus, the original
Planck 1901 [3] expression for the black-body radiation
emission as well as the Nyquist relation replacing KBT
by the Planck factor are recovered, in full agreement with
experimental evidence as originally suggested by Nyquist
himself [4]. .
In conclusion, we propose that in a quantum derivation
of the FDT the energy contribution of vacuum fluctua-
tions should be balanced at a macroscopic level by the
associated strain energy stored by the physical system
under test. Hence, vacuum fluctuations do not contribute
to the determination of the noise power-spectrum emit-
ted by the physical system. Accordingly, as reported by
Eq. (3), Planck law of 1901 [3] for black-body radiation
spectrum can be interpreted as the quantum FDT [10]
with: (i) the black-body radiator playing the role of the
vacuum impedance, (ii) the bandwidth, ∆f = c/L, being
the inverse of the ballistic transit time of a photon trav-
elling between contacts and, (iii) the external boundaries
playing the role of a thermal reservoir. The same Eq.
(3) recovers the quantum Nyquist formula for conduc-
tors by replacing the vacuum admittance (or impedance)
with that of a real conductor that includes capacitance
and kinetic-induction effects as well as the natural band-
widths associated with the carrier collision-time or the
dielectric relaxation-time according to constant voltage
or constant-current measurement conditions, as detailed
in [7].
We finally remark, that the above results can be sum-
marized by defining a total energy of the phonon gas
inside the physical system, UT , as a sum of three contri-
butions
UT = UPlanck + UC + Us (8)
where
Us = −UC (9)
is the strain energy stored by the physical system bal-
ancing the stress energy due to the Casimir force and
ensuring the stability of the physical system. We notice
that Eq. (8) is reminiscent of the van der Waals correc-
tions to the ideal classical gas.
In summary, we confirm that quantum noise cannot be
detected in the form predicted by the quantum FDT [1,
5, 6] since at thermal equilibrium the associated Casimir
force is exactly cancelled by the mechanical reaction of
the physical system.
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